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ABSTRACT

Let a,b belong to the H8lder class HaDa/2([0,1] x[0,T]) with

a e (0,1) and a ) a0 > 0. It is shown that for the solution of the problem

u au - t u/2bUx - t-/2 f, (x,t) e (0,1]x[O,T]

u(0,0) =

.'- lV, ) " V ' V =0,1 ,

the estimate

Iuoux 't 1 2 uxx a,*/2

1ntf, t1/2 2

c(Ifna/2 + 14,#l + I tO
VW-0

holds if the data f, *, * satisfy the appropriate compatibility conditions.

Here I 1 11/2, 1 1 / denote the norms of the H8lder classes
a~cV2 aqa2

H Gt/2[ [0,11x[0,Tl), Ha ([0,11) and H /2 ([O,T]) respectively and the

constant c depends on a, a0, la,bi0,q/2 and T. The result extends to

quasilinear problems with a, b and f depending on x, t and u.
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SIGNIFICANCE AND EXPLANATION

This report was motivated by the study of free boundary value problems

related to the Stefan problem. The precise description of the smoothness of

the free boundary requires sharp regularity results for linear parabolic

equations with singular coefficients.

TheSe results are of independent interest. They can be applied to

parabolic equations on domains with curved boundaries that touch the x-axis.

An a particular example consider the heat equation ;

-1/2
u~ -U~ -t f on

i u~t - xx -o

un 0 on 3G 0

on the domain a := ((x,t) $ t O, x • -t/ 2 }. Our results imply that u

And/ u are Hl6der continuous up to the boundary if f is and f(O,O) - 0.

i6is examle arises in the conveni-fitoatin of the nonlinear parabolic problem

studied in NRC Technical Summary Report #2354.
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The responsibility for the wording and views expressed in this descriptive
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LINEAR PARABOLIC EQUATIONS WITH A SINGULAR
LOWER ORDER COEFFICIENT

Klaus H8llig.

1. Statement of the result

We consider the linear parabolic initial boundary value problem

utlx,t) - a(x,t)u.(x,t) - t(1/2xbx,tlUxlX,t) _ t'l/2f(x,t),

(x,t) e a" [0,1]x(0,T],

u(x,0) - #(x) , x e (0,1],

u(Vt) - *V(t), t e [0,T], V- 0,1

Problems of this type, with a singular coefficient of ux, may arise when

transforming parabolic equations from a domain with curved boundaries to the

standard domain 0 T* Consider, e.g., the heat equation,

(v t " vyy- t71/lg on .2

* (1.2)
v - O. on 00

on the domain 1 - {(y,t) : 0 4 y ( 1 + t 1 / 2 , t e [0,T]}. By the change of

variables x - y/(1 + t 1 / 2 ), (1.2) is equivalent to (1.1) with u(x,t) -

V(yt), f (X,t) - g(y,t), * % - 0, a - (I + t1/2) "2 and b(x,t) -

Ix/(1 + t 11 2 ). Nore generally, any parabolic equation on a domain with2

smooth vertical boundaries that touch the x-axis, but have nonzero curvature

as t + 0, loads, after a change of variables, to a problem of the form

(1.1).

No shall show that, under the assumptions on the coefficients and the

data specified in (1.3) - (1.5) below, the solution of problem (1.1) and its

partial derivative with respect to x are H51der continuous up to the

Sponsored by the United States Army under Contract No. DAAG29-80-C-0041* This
material is based upon work supported by the National Science Foundation under
Grant No. NCO-7927062, Mod. 2.
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boundary. This is, in general, no longer true for a singularity of the form

t" I/2" , C > 0, in the coefficient of ux .

We use the Blder norms

IxiG : sup Ix(z) - x(z'l/Iz- z'I5

Z'Z'eI

: IXI", I + IxICI,

IvIG'xI ,- sup lw(x,t)-wlx,t)I/Ix-xhI a
(x,tl, (xl,tlefl

IWl Otot -- sup lwlx,t)-v(x,t' ) I/It-t'lI

(x,tl,(x,t let

,'-' 'Iwla I ,- MIaxS + Iwl O't'Q

lwla, B~fl : Iwl f + Iwla Bf

where a,O e (0,1) and denote by H (I) and HGU (fl) the H8lder classes

corresponding to the norms I I ,I and I I' The subscripts I and Q

are omitted if the domains are clear from the context. We also need the

subspaces Hl[U0,TJ) (x (e Ha([0,T) : X(0) - 0) and C'(I x(O,T]) -

(w e Ha'0(lx[0,T)1 : w(x,O) - 0, x e I). For simplicity of notation we write

YV Yt X and tyw for the functions t H t X(t) and (x,t) w t v(x,t).

We assume that the coefficients a, b and the data f, *' * for the

problem (1.1) satisfy

. 2 a,b e Ha'(/
:-.-. ( a • 36

(1.3)
,:'a ;0 ao 0

" f e H

(1.4) j ,* e H G

-. ,' %,1/2, q ./2

-2-
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for some a (0,1) and the compatibility conditions

{ 0 v)-V(0)
1(1.5)

l 4m, t/ ) * f(V,O) + b(v,O)*'(V), V - 0,1

Theorem 1.1. Under the assumptions (1.3) - (1.5) the solution of the problem

(1.1) satisfies

1/2
"'x't xx

(1.6) o{Ifl + I#,#'I +
.a, Q/2,# 'IT  g, [0,1 ]

1 1/2
I V Oi'*' c f2,[O,T] }

V-0

where the constant c depends on a, a0 , Ja,bla,q 2 .,, and T. Noreover we

have

(1.7) lin t1/2 u xx(xt) - 0, x e [0,11
t+O

The Theorem remains valid if we replace in problem (1.1) t'1 /2b(x,t) by

t-yb(x,t) with Y < 1/2. In this case t'Wbux  can be regarded as a minor

term and the result can be obtained from Theorem 1.1 by iteration. The

Theorem also extends to quasilinear problems of the type (1.1) with a -

a(x,t,u), b - b(x,t,u), f - f(x,t,u) if we assume, e.g., that a, b, f are

L: ' We stated the result in the simplest setting to focus on its essential

feature, the singularity in the coefficient of u .

The difficult part of the proof of Theorem 1.1 is to show (1.6) for the

constant coefficient problem on the domain R+x[0,T] (section 2.3). We then

use a standard technique [L, pp. 295-3411 to extend the result to the case of

I, variable coefficients (section 3). To keep the report self contained, the

proofs of estimates for the Cauchy problem (section 2.2) are included

-3-
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. although they are similar to the corresponding estimates for the heat

equation*

2. The constant coefficient problem

2 Auxiliary leas

We list in this section some elementary inequalities and properties of

HOlder norms. in the sequel c denotes generic constants which may depend on

-. O, Y, a0 , IabI

(2.1) For zj 0 0 ,

zi exp(-z) • c expC-cz)

* (2.2) For t > s VO, zeR ,

- c + clzI/(t-s) 1/2 Is + t1 - s1 /21/t-s)1/2 4 c + cIzI/(t-s)1/2

* (2.3) For t,z>0,j 1 ,
Jt *-J/2Ct-s -1/20V -J/lexp" )ds < cz 1

Lesmo 2.1. For X e HT ([0,T] ) ee (0,1),

O A.41 I l Y( c sup Ixl •T Jel Y, [2"T,2" +T]

When estimating differences X(t) - X(t°) it will be sometimes

* convenient to assume that It-t'I C c min(tt'). In view of the Lemma this is

* no loss of generality when estimating I xl Y

Lamma 2.2. Let v(yt) :- u(x + ct/ 2 ,t), then

* (2.5) IvI/2, t C clula, W2

Lmma 2.3. For tl1/2 X e [0,T] ), y e (0,1), the norm It1/2 , It1/2 A

1/2-Y 1/2
and (It 2xlb + sup t I ) are equivalent.

te(0,T) Y,[tT]

-4-
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An analogous version of this Lemma holds for 1 2

Proof. Assume that It1/2Y X'I + sup t1/ 2 lXIY,[t,T] < 1 and let

0 < s < t 4 T. We have

It 1/2(t) - s /2X(s) '

1/2- p1/2 1/2I~ 8 )xC(t) I + Isa (x(t) -x(s)) I
I ~ (t-G)t_1/t_/+ + (t-4)Y 4 2(t-s)Y

and therefore It 1/21 2.

' -" tl/2 X

Nov assume that li (1 with I- t and let
y

0 < s/2 < t < s T. We have

-/1/2 -
"

.Il2 s) - (t)-1/2l--1/2 -/2

Is (i(s) - xt))I + l(s - x(t) I -C
s-1/2 (6-0)y + t'-3/2 (a-t)t y

1t'/2lsty

and therefore IXI,[t,T] 4 ct-1/2

aIa 2.4. For y e (0,1/2) define

•' yt 1/2
Q :- {X , X(0) - lim t 1 x'(t) - 0

t+O
(2.6)

I)1 t 1/ 2 1 ' I
*XIQ " It,[0,T] }

Then we have, for x eQ ,

(2.7) lxi /, It X12 xlI clXIy+1/2' y Q

,.

-5-



2.2. The Cauchy problem

In this section we consider the problem

::? I " ~- t1/2bu -1/2f, l• [0T ,

(28ut -auxx ) et 2 f(xTi~ - ( 2.8)1

u(x,0, -ow, x e R

where a > 0 and b are constants.

0g, q/2 aTheorem 2.1. Let f e H (ax[0,T]), ,' e H (a). Then the solution of

problem (2.8) satisfies

:'-" 1/2
( (2.9) EU,Uxt 1 Uxxla,/2 4 c(If',,/2 + i,

where c depends on a and b. Moreover we have

(2.10) lir t/ 2 u (xt) - 0, x e R
"'. t+0

The change of variables y :- x + 2bt1/2, v(y't) 8- u(x,t), g(y,t) t-

f(x,t), transforms the problem (2.8) into the heat equation

(""..2.111) vt - av yy-. t7l/2 g, (y,t) e Rx(0,T]

* ~v(y.0) -4 yyeaR .

Therefore the analysis of the Cauchy problem is fairly simple. We merely have
-- t-1/2g

to take into account the singular behavior of t g as t + 0. However,

*-. for convenience of the reader, we give a complete proof A Theorem 2.1.

By Lemma 2.2 it suffices to prove the assertion (2.9) and (2.10) for the

solution v of problem (2.11), i.e.

(2.12) IVv ,tl/ 2 v 1 4 c{lgl + I#,#' I
y yy *,*/2 ,02a

(2.13) lim t1/2v (y,t) - 0, y e R
t 0

"i -6-



2
Denote by r(x~t) a-(Wt) -1/2 ...2L) the fundamental solution of the heat

4tp
equation. We have the estimate EL, p. 274]

I~I~j k4~r~~~ 4 ct~j/2 exp(-c 1_

Also note that

(2.15) f El rcx,t ' j-

R x O

(2.16) r x(xt)dt 1
ro X'2

To prove (2.12) and (2.13) we assume that a - I in problem (2.11) and

consider two cases

Ci) For g - 0 we have

v ,q/ 2  c

hVyy I ,a/2,Rx~t,T] C I yy 00 a141

% ~ By Lelma 2.3, this proves (2.12) once we show

which, in turn, yields (2.13). To this end we note that by (2.14) an~d (2.15),

IV (y't0l -If r (y-z,t)(#I(x) - *(y))dzj -Cc411yy R y

(ii) Now assume that 4-0.

loena 2.5.

*(2.17) IVI (cIgIy MOyal

Proof. Assume that lIg v 4 1 and let y-y' h > 0. Using (2.15) we have

V (y't) - V(y~t)
y y

-1/2
fto f r (y-z,t-s)s- (g(z,s) -g(y,s))dzda

Iy-zIC2h Y

-7-



ft f r (Y'-Z~-S~1/2

+-f f (r (y-z,t-S~s ~~) - g (y',s))dsds1/
0 IY-zIC,2h Y 9z,)'Y,)dd

+ ft f (F (y-Z,t-s) - 1/2-~-s) gz~)-gy~)dd
0 IY-zl)2h Y 9y,)'(,)dd

4

VS1

Estimating these terms# using (2.14), we get

(c fI y-zI- + dz 4-ch
Iy-zI<2h

For the second inequality ye have used (2.3) vith j -2. 11 21 is estimated

similarly.

113 4h firyy (-'-)B12l-ldd

With 9 (z,s) e (Y',Y). Since for ly-zI ), 2h - 2(y-y'), ly-zI/2 4

I 4z 21y-zI, we obtain, using (2.3) with j - 3,

11 31 e. ch ff(t-s)-3 /2exp(-c (Y:) 2 )8-1/2 Iy-zI dzds

4 h f ly-zi -2+ad C ch*
I z-ylI)2h

4 cha ft Ct-a) -1 /2-1/2a -C ch a

Lea 2.6.

(2.18) IVi y V, cIgI,,

dodo dot



Proof. Assume that JgI*' 4 1 and let t-t' -:h 6 (O,t/2). Using (2.15)

we have

v y(r't) - V y(Y.t')

'~2t f. r (y-z,t-u)u 
1/2 (g(z,g) - g(y,s))dzds

- te2 'RrY-Z,t'-s)s- 1/2 (guzS) - g(y,s))dzda

't-2h -1/2y

+ J0 21 fL (r (y-z),t-s) - r (Y-z,te-s))s- 1(g(z,g) - g(y,s))dzda
0 yy

3

I: IV

zotimating these terms, using (2.14), we get

II 4 coff Ct-8) -1 .xp(ci -s W 1 /2Iu lyzldzdx

4 cftt2h t-s-1/2+02 8-1/do4cq2

1121 is estimated similarly.

11 31 4 h ff FrYt(Y-Z,9-G)Is 11 Iyz dd

(C ch If Ct)- 2 exp(-o S )8.-1/2 lys 0dzds

4 ch Ct2 t-c) -32+c2 -7 d -C ch 2

(2.19) It 1202v y (cIgIQ'

Proof. Assuming I;I (f. 1 we have, using (2.14) and (2.15),

IV y (y,t)I - ifo f. r (Y-z,t-s)5 11 (g(Z's) - g(y,s))dzdsI

19 c ff Ct-s)-3 /2 ex(- .Lr31) s1/2Izg Qdads

-9-



ft t-s)-I+a/2 -1/2d ct /2+/2

This Lema proves (2.13). In combination with Lemma 2.6 and the fact that

v(o,O) - 0 it also shows that

I..; Vl/, 2 wt 4 It1/ 2 vtl4*3  Ol 1/2

and it follows from Lemma 2.5 that

Ev,V I 4 cIgI
y a, /2 G, /2

To complete the proof of assertion (2.12), we note that

IV yl a, q/2,Rx Ex,T]
I + it-1/2gT

c( Vyy(.,s) a agy,Rx~s,T] )

-1/2 -1/2
c(s IVyl-,s/2)ta+ s Iglac, y,3tx~s/2,TJ) •

In view of Lemmas 2.3 and 2.7 this yields

It1/2 Vyya,oV2 < cIgI y

2*3. The boundary value problem

In this section we consider the problem

ut -aUxx - t1 l2 bu -tl 2 f, (xt) e R+xO,T]

S(2.20) u(x,) - (x), x e a+

1-u(0,t) - *(t), t e [OT]
F.

where a > 0 and b are constants.

1W -10-



Theorem 2.2. Lot f e H (ae/2  x0,T]), • (R+),

1/2 */2
#',t/2 e H [0,TI) and assume that the compatibility conditions

r *O) - *()

*" (2.21)!!:i tl/2 (t

li t (t) f(O,O) + b#'(0)
".. t+O

;2 hold. Then the solution of problem (2.20) satisfies

iIu'u t 1/2 IUxt Uxx mQ/2

(2.22)

c{Ifl , 2 + 1#.'. + 1#,tl/2#8 2

where c depends on a and b. Moreover we have

1/2
* (2.23) lin t u xx(Xt) - , x e R+

t+0

Denote by f, smooth extensions of the function f, to the domains

SRx[O,T] and a respectively. Subtracting from u the solution of the

Cauchy problem with right hand side t" 1 2 
- and initial values * and using

Theorem 2.1, we see that we have to prove Theorem 2.2 only for f - - 0, an

assumption we make throughout this section. in this case, the compatibility

conditions (2.21), together with the assumption #,t1/2I e H /2 ((O,T]), can

be stated in the form

(2.24) e q/2

where Q has been defined in (2.6). The change of variables y : x +

2bt1/ 2  is of no help for the proof of Theorem 2.2 since R+x[o,T] is

transformed to the domain ((y,t) : t e (0,T], y 1 2bt1/2). However, we may

assume a - 1, by a linear change of the t-variable.

Let us first obtain a representation for the solution of problem (2.20)

(with a - 1, f - - 0) in terms of the fundamental solution K(x-y,t,s)

for the equation

(225 - t'1/2 bUx 0•
(2.25) ut  Uxx t

-11-



By taking Fourier-transforms we see that

1/2 1//2K~~ts)- 1/x+2b~ - ),t-s)
(2.26) - (4w)1/ Ct-u) exgf- ( 4(t 2- 12

Using (2.1), (2.2), (2.14) and the fact that K satisfies equation (2.25)

for x, t-s 9( 0 one can easily check that K satisfies the same estimates as

the fundamental solution of the heat equation

(2.27) ID jD K(x,t,s)t -C c(t-s) J/2-k exp(.c 2! )

Also note, that

a -1/2(2.28) ~-K(xvt,s) + K (x,t,s) + bs K (X't's) -0, X, t-s ~S0

which follows from (2.26).

a/2
Proposition 2.1. Let e' Q *The solution of problem (2.20) (with

f - -0) can be represented in the form

(2.29) u(x,t) - -2 K (x,t,s)X(x)de

where x 6 Q in the solution of

(2.30) x(t) - NO~t + 2 f~t K x(O,t,s)X(s)ds

and

(2.31) It 1 x'Iq/2 4Cct VW

Proof. We claim that the operator R defined by

(2.32) (RX)(t) :- -2 K(0,t,s)X(s)ds

is a strict contraction on the space Q with respect to the norm

1/2

1/ 1/2) 1/2 1/2 2
-2 K x(O,t,s) 1/ 2 ts 3 /2  e (bp t' s

and we rewrite RX in the form

-12-



RX)( M - b I 8 2 -) 2Xs doIII

2I -1/ 2 1 b5 Z- 1 2

1 b

Since

- 1.1t I-- (1,12 1/2 1/22ct)

1/ 0 (ts) /2 1s)/22

2/ 2I (bxtbjx, ts t)d

8ubst~tutt 1/2 :ll-1/21/1-s 1/2oetht

12.31 I b~t l3/ exp( Jo ---- z-/2))2zdz <

antai

this implies that R is a contraction on Q.

it remins to sho thait u, given by (2.29), satisfies the boundary

condition u(0,.) - .We write (2.29) in the form

u(xt) -
x (-.(+2blt 

1/ 2 : 1/2112

,; . 2T 1/2(M-8)13/2 "xP- 41ts 81Oxtds

+ o2,121t_13/ " ( q bq1/2" "1/2112
+ "- 4(t-8 ((s) - x(t))do

fot 2wn t/2 4.B /24ts

t t1/ 2 1/21 ( 1+2bt/ - 21 12 
- Oda

0 1/21 .13/2 -- 4(t-9)

3

and obtain

X+O

X/tix 2 1__t/ __ 8-3/2 .xpC" (1+2111 ltx212.tx2 12 2 )ds

X+t 110 2W 1/2 4s

n -13-



X(t) J e/ -/ xp(- -!)do x(t)

'2' f0 p t-s8 0X,/2d W/2

1±3 I (x) - (RX)(tM - *(t) - X(t)
X.O

We now analyse the smoothness of the solution of problem (2.20) via the

representation (2.29).

*Proposition 2.2. Let u be defined by (2.29) with X e y 4 1/2, then

*(2.34) lul -C CIA
Tut y1

Proof Assume I lxi 1. In particular, since xCO) -0, lx(t)l 4 t. we

* let t-t' -:h e (0,t/3) and write

1
- (u(x't) - utx,tl))-

ft -h K (xotou)(X(s) -X(t))dsi

1to2 K (x,t',s)(x(s) -X(t'))ds

ft- 2h

+ j0l (K x(x,t,s) - K (x,t',s))(x(u) -X(t'))du

+ 2h K (x,t,t-s)(X(t) -x(tl))du

J+ 1" ((x t-s) -K x(x,t',tg-s))x(tl)ds

+ ft "(K (x,t,t-2h-s) - Kx(x,t',t'-2h-s))x(tl)ds

*+ Kh (x,t,h-s)x(t*)ds
0x

7

V

-14-



We met

1/2 1/2
(235) A(t,s) :x42b(t - a :1

2(t-s)1 2

and with this abbreviation

x x (x~,2,1 /2 Ct-u) A(t,*)exp(-A(t,s) 2

where 
X 1(x~t,s) + X2 (Xtv)

K 'Xt) - -- X x(At 2
141 /2 3ts~ /2 xCAt)

E~s)I b 2
X2(x'ts) 2T1/2 (-)1/2 (t1/2 +a1/2 exp(-A~tS)

note that, by (2.2),

(2.36) exp (-Ak(t,8) 2  2 V(Cx-

Using this, t-t' -h < t/3 and (227) we estimate the integrals I as

follows.

Ii 4 'c ft 2 (IKlI + IK21)(t-s~yds

-C c(hy + f' t-1 /2 t-s t 1/2 ~ o chy

1121 is estimated similarly*

11 4 oh ft -2h I xCsj(tl-s)Vds

rt2h -2+y
19 h (t' -8) Ydx 4 chy'

1 4 ( h1'h (IK I + 1K 1)

h 15-



(Aexp(-A2))I , n

IA~t,t-s) -A(t',t'-s)I

-1/2 a
(2.37) ca 't 1/ + Ct-u) 1/2 -to) 

1/2 + Wt-8) 1/2

co1/2t -h1 A/

w o~in 1I1 < c~tv)y f~jt' a IA~t tS)exMCA~t~t_0)2)-

&Ct',to-a) xp(-A(t , to -a) 2)Ids

C ch 't 1 9 a~ do2 1C ch~

Since

IA~t~t-2h-s) -A~t@,t'-2h-S)I-

(236 cw~)-1/2 1/21/- C
(23) ~+2) It1/ Ct-ah-) (to) 1 /2 +t'-2h-s) 1 /2  -

c(in+2h) 1 1 2 bht' as-)- 1 /2

we obtain, for y 4 1/2,

1161 c Ctl) ft 2h(+2h)IA(t,t2h..)exp(..4t,t.2...) 2 )-

2
A~t',t'-2h-s)exp(-A~t',tl-2h-s) )Ids

IC rtt'-2h -3/2 -1/2
C Y Jt (&+2h) h(tl-2h-u) do

C ctyhl/ 2 t 1/2 C h

-1 -1 y4c7 Ctl Ct-hoe) do C ctT ht 1C ch

* Prosition 2.3o Let u be defined b~y (2.29) with X e QY y < 1/2, then

(2.39) tu 1t 0. cit 1 1'

-16-



o ; :. °l * % .. . o. , . . . -: - b , . . , . . * !

': tl/2,

Proof. Assume It I 1. By (2.28) we have

% u(zt) - -2 f O K(X, t ) X(s) do

- 2 K(x,t,a)X'(a)d + 2b l l(X t x(O)ds

-a v(xt) + w(x,t)

"i8nce, by !a 2.4, t 2  c, Proposition 2.2 implies vI C e

y Yet

Let t-t' -: h e (Ot/3). AS in the proof of Proposition 2.2 we write the

17
difference - (vlx,t) - vlx,t')) in the form I v where the integrals

Vol
a are defined an s but with K x  replaced by K and X by X1. Using

t-t' - h < t/3, (2.27) and the inequalities (c.f. Lemma 2.3)

JX'It)J aI "
/ 2+ y

x*It) - x'C(s)I 4 clt-u)s-1/2 ,  t,

we estimate the integrals J as follows.

ii 19c I. (-S)-1/2 tsyS-1/2wC hI" t-:'1,711 Cc C tsl1 t-u)sl sd C chY

Io21 is estimated similarly.

1J3 1 < ch "t'2h IKtx,C,s)l (t._-)Y- 1 / 2 ds

-t-2h t-Sl 3/2+ys-1/2do y h •

'J4 1 • chy(t') l/ 2 2 h a"1/2do 1C ch

With A defined by (2.35) we have, using (2.37),

I! --I12 2h -/
11 o51 • a(t') " 'O 8"l/21exp(-A(tt-s)2) " exp(-A(t',t'-s) )Ids

. ct t 1/2f~h t 1 2 ds < hy

j0

-17-



BY (2.36),

Iexp(-A(t,t-2h-s) 2 eXp(-A(t',t'-2h-s) 2)I

-1/2 -1/21 X22-/

-4 c(s+2h)1 'h(t'-2h-s) "2I X 2 1/+2 W) I12

(n&+2 (+2h

it follows that

136 (c~')1/2+y ft'-2h 12h~/2 I* At~ )2-

2

Ct112~ hexp(-Aitt -hsc )Ids'-hs)-12

-1/2 tt-2h -1/2 -1/2
+ t Cwoir2h) (t--2h-s) del

1371 C (t') fo (t-h+g) 1 'a2 x

4C ct 1 2 +ht' 1/2 4 ohy

Proposition 2.4. For *e Q0/2, the'solution, of problem (2.20) (with

*f -- 0) satisfies

(2.40) Iu I C ( 1
x a,x W

Prof Assume It 12/2 4 1. Since v :- ux satisfies (2.25) and

SV(000) -0, V(0,0) M u (0,*) we havex

v(xt) -- 2 K0xx(x,t,s)X(s)ds

* with xthe solution of

XMt - u (0,t) + 2 It x(0,t,s)j(s)ds

By Proposition 2.3, Iu (0 *,01 4 co and the proof of Proposition 2.1, in

particular (2.33), shows that this implies tXI~ 2 Cc

6V -18



2
Let x-x': h >O and assumnethat t )h Wevwrite

- (v(x~t) - v(x',t))=

ft 2 K(x,ts)(X(s) - X(t))ds

t-h

f- 2 K x(x',t,s)(X(s) - X(t))ds

t-h

+ fth(K (X,t,s) - X Cxl,t,s))(X(s)- t)d
0 x x

+ Jt (K (x~t~s) K !,(xt,s))jX(t)ds

4

V1-1

Using hC t, (2.2?) and IX(t)I C c we estimate these integrals as

follows.

t-1 q/2 a
I cft 2 (ts8) (t-s) do 1Cch

t-h

112 is estimated similarly.

1131 4 ch fJ-h 2IK Mt)I(to) c2ds

19 ch f- (t-8)" ds 4ch

Set I(x) ft K (x,t,s)ds. By (2.28) we have

II'(x)I - Ift K (x,t,s)dul

4 K~~t-) tI+ c t K (xtsl-12do

C(t +/2 3/ exp(-c X)1/ do

+ st1-/ ds)0(t-s) 12(t 12+8 /

Cc 1/2..I1121/ -2

4 ct .



L

It follows that

14 'c t 02ht7 /24 cha

Combining the above estimates we have

Iv(x,t) - v(x~t)I 'C clX-x1j a, IX.-x'1 2 'c t

Since v(*.O) -0 and, by Proposition 2.3, lvi 'C c, this inequality
q/2 ,t

holds for jx-x"I 2  t too.

Proof of Theorem 2.2. AS ye already remarked we may assume f - -0. For

*e Qq2it follows from Propositions 2.1 - 2.4 that

(2.41) Iu'u I -C c~t1 " 2 *Ix a,a/2q/

To complete the proof of assertions (2.22), (2.23) we write the solution of

problem (2.20) in the form u -v~w where v and w are solutions of the

problems t-1/2 -
-v t bu, (x,t) e itx[0,T

(2.42)x

v(*%0) - 0

-w - 0, (x,t) e R+X (o#Tj #

(2.43) w .0,) - 0-v,)

Here, u denotes a smooth extension of uK to the domain R x (0,T). By
x

(2.41) and Theorem 2.1,

1/2 128Iv'v ,t v ,Pw'w I 2C citX xx x a,u/2W

Also note that, by (2.10),

t 1/2(*W(t) - v (Ovt)) - (lim t 1/2 (t) - b#.(O) -0

and it follows from It 1 v I Ic It11 v I + *bu I ta
t *,a/2 xx *,c/2 a oV2 ta

Z m- V(O,0) Q *Therefore it remains to show that

(2.44) It 'w I IC c 1t 2
xx a,o/2 l'I/2

-20-



(2.45) limtt1/2 vw (x,t) o0, x e Rt4'O xx+

Assume It 1  *,1 1. We have
CZ/2

Iwxx(x,t)I = It(x,t)l = 12 0~ r (x,t-s)i'(s)dsl

(2.*46)

42 C -c - 'ds 4C
C (ts (3/2 exp(c tC

which proves (2.45).

Let x-x' =: h > 0 and assume that h 2 -Ct, h -C x/2. We have

Iw w,(x,t) - w'l (x' ,t) I

12 0~ (r x(x,t-s) - r (x',t-s));-(s)dsl -C

-3/22q/

ch ft(t-s)3/ exp (-c a-)s" 'd

ct -1/
2h.

in combination with (2.46) this shows that

It12wxx I ,x , t12a2wxxI C

To complete the proof of (2.44) note that

Ixx Ia/2,t,R xlt,T] -C

ccl a*t) o VK2,[t,T] Ct'

and apply Lemma 2.3.

-21-



3. Extension to variable coefficients

3.1. Reduction of the problem

We shov in this section that it suffices to prove Theorem 1.1 for

f e HQ/ and *V =0.

Let b, f, *be smooth extensions of the functions b, f, *to the

domains R x [0,T] and R respectively and set *(x,t) :=Vx). Let v be

the solution of the problem

(3.1) fvt v = t- 1/b * + f), (x,t) e Rx[O,TJ

v(0,0)=

and set

V~x~) X* (t-v~~t) + (-x)+O~t v(~t0

Then the solution of problem (1.1) can be written in the form

(3.2) U-v + V+ w

where w is the solution of the problem

rwt awx t7/by t-1/2g, (x,t) e q T EO,llx[O,T]

(3.3) w(x,0) - 0 ,X e (0,1]

w(V,t) = 0 ,t e [0,T] , V= 0,1

with

1/2 1/2
g t (a-1)v + b(v - -t V + bVxx x x t x

By Theorem 2.1 and the definition of V we have

1/2 1/2 1/2Ev,v x t v ,x t vt,V,V,t V t10,VI

(3.4) 1
c(IfU + I**' I*3 I )

O'C/20 V oV2

-22-



where c depends on EbIa 2 Moreover,

(3.5) lir t 1 / 2vxx(xt) = 0 , x e [0,1]
t*0

This, together with the compatibility conditions (1.5) and the equation (3.1),

implies

lim g(xwt) 1 lim (-t1/2vt(x,t) + b(x,t)Vx(x,t))
t+O t+O

lum (-t 1/2(Xl(t) + (1-x)*i.(t))) +
t+o

x(b(1,0)'(1) + I(1,o)) + (1-x)(b(0,o)#'(o) + f(O,O))

+ b(x,O)((* 1(0) - v(1,0)) - (*o(O) - v(0,0))) 0

By (3.4) and the assumptions (1.3) and (1.4) on a, b, *, 'V it follows that

g e

In view of the above reductions, Theorem 1.1 is a consequence of

Theorem 3.1. For g e H ( ), the solution of problem (3.3) satisfies

(3.6) IW'wx t 1 / 2 wxxla2, T I cIgi o/2,'

where c depends on a, a0 , Ia,b, C/2,T and T. Moreover we have

(3.7) lim t1/2w xx(X,t) - 0
t+0

-23-



3.2. Auxiliary lemmas

For t~ - 1/J, J e 3, we set x1 :- r j) I - 0,, and choose cut off

functions T1 with the following properties

Y1i Wx) -1 , Xe [0,11

(3.8) x1 e supp i

lsupp n I < CcA

k" I < c)~
ID

N4ote that, by the third and fourth property, the supports of at most c

*i-ependent of X) Ti s can have a common intersection. We set

141(x,t) W i x

* and for simplicity of notation

Leimma 3.1. For f - f1  vith supp fj S suppN

(3.9) Nfl Cc sup If I
T i iT

Proof. Let us prove the estimate, eog., for I I * For x,xl set

i {j: x e supp ni or x, e supp r 1 .Since by (3.8) 111 C c, we have

jezF;__C___ CcIX-X'j a sup 1 f iI a

Leoma 3.2o For f e6 jG(a 2 T ) with T -C A

(3.10) sup IM flT C4 cOfIT

Kwhere the constant c does not depend on A and T.

-24-



This follows from (3.8) and the inequality

(3.11) luvi ( lul jVI y + lulflvi,

Lemma 3.3. If w(*,O) - w (*,O) - 0 and l/ 2 , Il 1 1, then

(3.12) I(DxKN )t h/2DwE cX-kT( - O+ 1 )/2, .- 0,
x x T

where the constant c does not depend on ) and T.

Proof. Let us prove, e.g., the inequality

l ,;,,1/2

1/2
For lx-x't 4 T we have

twlx,t) - vlx',t)l < lx-x'l Iw,

,,C. Ix-x' 1 wl/2"a/2T /2 1xl a2,t,R

and for lx-x'l T1 /2 ,

jw(x,t) - w(x',t)l 4 2jx-x'l ',%a2 vl

a -*/2 1/2+*/24 21x-x'I T T / w11/2+a/2,t, '

All other inequalities can be easily deduced, using (3.11), (3.8) and the

inequality

(3.13) IXIy,,o,T T ' IxlY,[o,T

for x e 'T((o,TI and y' < y.

3.3. Proof of the main theorem

Denote by L the differential operator

L : w'+ wt awxx x

To prove Theorem 3.1 we define an approximate right inverse L to L by

(3.141)- -1 t-1/2 g- 1 iMt-1/2g)

-25-



S-1 -1/2

where g) is the solution of the boundary value problem

(W t  - tg /bl on 0

j 0 on 30

1 with 1 s a+x10,T) if 0 e supp n and 0 :m (-,11x[O,T] otherwise.

- - 1/ oa
* Proposition 3.1. Set w a- L 1(t1 1 2 g). Then, for g e W'q2 lOT ) with

2 1/2 ,q/2 an
T(A v e have w# W xt w 3MeuO)in!x

(3.16) ,,,t1/2; 1 cgIT

where the constant c does not depend on ) and T.

-. Proof. Assume that T 4 A2 and Igo 4 1. By Loma 3.2, IN goT C.

"Applying Theorem 2.2 to problem (3.1), it follows that wj,(wj)x ,

(t/2wjllxx e p'q121nT) and

(3.17) 3w l,(W j x (t1/2 j)xxIT c

.. By LeUna 2.4 and (3.15) this implies in particular

(3.18) Iwi 11/2+*/,2,t, ,I, ' It /(w) , I T c

" Since w - 11w 1 we obtain, using Lemmas 3.1 - 3.3,

NolT 4 c sup lINjljIT 4 C T
I/

- j

Iii i t/ ) )xxn T

c sup M xxtl /2 w IT + IlMNlxltl/2w xIT + )ltl/2 w xxIT )  c

-26-
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proposition 3.2. The operator

1/21, -11t-1/2
Si:g t so tt q)

maps tIs.'a 22() into itself. There exist X and TO IC such that

T 0 0 A

(3.19) *sg- gT -C IT
O 2 O

Proof. The first assertion of the Proposition is clear from Proposition 3.1.

We write

1/2 -11-1/2

t1 / 2(X (L(i1w 1) - I4Lue) + 1 I4(L-L )wj) -

j J i

1/1/2

t /2 a (x) wj + 2t 1/  laK e( ) x + hl(K v +

t1  (a - a(xjO))(wj), + 1 K(b - b(zxO))(wj).

51

-3 I #

-* where we used that
2. t~~1/ 2  N Hjw t1/ 2  4 H j(j-1/2g"g

S Lw j t 1  L (M t g)g

since ( CM )2 = 1. Assuming T 4 A2  Igo T 4 1 and using (3.17), (3.18) and

Lemas 3.1 - 3.3 we estimate these terms as follows.

IIt T 4 c sup lal T 1(4j xxt1/2wI T C c A-2 T

1/2 /
I T U c sup lalT 10M ) (t w x I c X 1 T1 2 •
2-T jx xT

- 1/2
1131 ( c sup IblT IC c 71 TI

-27-



4 T

11/2o u Ial IN a( ) IN It v)_

a c1/2

c sup (Eb-b(xj#0)I. IN (w I + EbI IN (W 1 C

a aj 00up ij x T T X(~ ft

CP + T')

Combining theme estimates we have

I I~ 1 c(A- T + )71T 12+ AQ + T q/)
V-1

-1/anwhich proves the Proposition with X 0:1 (Sc)O T 0:M Px/S),

By Proposition 3.2, the operator S is boundedly invertible on

(O0 I ffolow that, for g OH csV(T L (t g) is a

solution of problem (3.3). Therefore, Proposition 3.1 proves Theorem 3.1

with T -T. Using the standard results for linear parabolic equations with

smooth coefficients (L, Thin. 5.2, p. 3201 the estimate (3.6) remains valid for

any finite rectangle 0 T Z n view of the reductions made in section 3.1, the

proof of Theorem 1.*1 is complete.
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